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TECHNICAL MEMORANDUM

The nterrelated concepts of information, entropy, probability, and universal compu-
tation enjoy very wide application It is worth noting, though, that the successful
applications and theorems are mostly restricted to systems having a vast number of
particles or symbols For smaller systems, it is not clear how to quantitfy the informa-
tion/entropy/probability precisely. We argue that these are not just vague, academic
questions, but sometimes definite problems in practice.

Mathematics and computer science allow us to construct any number of inequivalent
probability measures. Even so-called “universal” probability measures can be quite
inequivalent. Deciding which of these best describes the real world is a task for empirical
science. As illustrations we consider the (1) information content of the genome and (2)
a practical “learning from examples” task.

Additional keywords: Universal Turing Machine, Universal Data Compression, Univer-
sal Prior, Algorithmic Complexity, Kolmogorov Complexity, Machine Learning.

1 Introduction

We celebrate the interrelated concepts of “entropy? “information content] “universal computer)
and “probability” as being among the greatest achievements of modern science. Despite (or perhaps
because of) their sacredness, we ought to examine their foundations. Doing so reveals some surprises.
For instance: (1) While there 1s no problem measuring precisely the entropy of a macroscopic system,
the situation 1s not so clear for a microscopic system (2) Certain data-compression schemes are
claimed to be optimal 1n the sense that they work essentially as well as any other, if not better. In
fact, though, compressor “A” might work better than compressor “B” when applied to application
“a” and vice versa when applied to application “b” The performance difference may well disappear
asymptotically when very long data-strings are considered, but the asymptotic performance is not
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generally a good predictor of the typical case. (3) Similarly, certain learning algorithms are claimed
to be optimal in the sense that they work essentially as well as any other, if not better. But once
again, they do so only 1n the limit of infinite amounts of training data, while practical applications
involve distinctly finite amounts of data

The hiterature abounds with implicit and explicit attempts to use computational complexity to derive
“the” unique probability distribution describing everything in the real world. We will argue that
these attempts are misguided. Consider the analogy: in the days of Euclid 1t was thought that
pure mathematics could uncover axioms that describe the geometry of the universe. More modern
mathematics, though, allows us to discuss lots of different geometries. Nowadays nobody thinks that
the metric of real spacetime is uniquely, axiomatically defined by pure mathematics; discovering the
“real” geometry is a task for empirical science.

The analogy to probability theory is this: modern mathematics allows us to discuss lots of different
probability measures. Determining which of these actually describes the real world is not a fit subject
for mathematics, or for abstract computer science.

2 Basic Properties of Algorithmic Complexity

Algorithmic complexity(l: 23] is based on the notion that a long string of symbols exhibiting an
easily-described pattern is not random, while a long string of symbols not exhibiting any identi-
fiable pattern ought to be called random. (This notion of “randomness” also goes by the name
of “complexity] and the opposite of “complex” is “simple”; for a review, see 4 .) Extreme cases
include

(a) the string consisting of a million zeros, which is very, very simple;

(b) the string consisting of “01” repeated 500,000 times, which is almost as simple; and

(c) the string generated by tossing a coin a million times, which is quite complex.
The crucial intermediate case is exemplified by

(d) the string representing the first million digits of 7.
The digits individually would pass almost any test for randomness and independence, but in some
sense this is hardly more complex than string (a) or (b), since each digit is completely predictable.

These ideas can be formalized as follows: the algorithmic complexity K of a symbol-string S is
defined to be the length (generally measured in bits) of the shortest program on a given computer
[51 ¢1 that will emit that string and then halt. In symbols:

K. (S) = m};n{Len(P) | eval(cl, P) = S} (1)

where eval(cl, P) denotes the result of running program P on computer cl.

In addition to providing a precise measure of complexity, K.;(S) has many remarkable properties.
In particular, it makes contact with the axioms of probability (as will be discussed below), and
hence with the idea of entropy, with endless ramifications in communication theoryl6! | physicsl?] |
and machine learning (1] .

If we have another computer c2 available, 1t will generally assign a different complexity to the given
string S. Kolmogorov demonstrated the remarkable fact that for any computer ¢2 and any universal
computer cl,

Kc1(S) € KeaS) + k12 (2)

where k12 depends on cl and c2 but does not depend on S; i.e. a value of £12 can be found which
makes equation 2 hold for all strings S. Basically k12 is the length of the “emulator program”
Em(c1|c2) which enables ¢2 to emulate c1. There is no guarantee that £12 will be small. Henceforth
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we assume c2 is also universal, by using equation 2 twice we get two-sided (upper and lower) bounds
on the complexity difference between any two universal machines

If we consider the limit of very complex strings S, the ratio K. /K2 goes to unity:

Kcl
—_—=1 3
Ka(S)—oo Koz ®)

In this sense the constant k12 becomes negligible and K loses its dependence on the choice of
computer cl or ¢2 This 1s the basis for the claims that K is an all-purpose measure of complexity
On the other hand, whenever we wish to compute the difference K. —K.2, the constant cannot be
neglected

One often hears the emphatic statement that “K is universal” This statement is correct in a technical
sense, because the hiterature 1n this field defines the word “universal” to denote the property of
“differing by at most a constant” as exhibited in equation 2. The problem is, this technical definition
diverges quite a bit from the vernacular meaning of “universal?

Although K is “universal” 1n this technical sense, 1t has not been proven that K is all-purpose, or
general-purpose, or universal in the vernacular sense. In particular it is an abuse of language to speak
of “the universal distribution” when there are in fact many non-identical “universal” distributions.

Equivalence

Things that are equivalent in one respect need not be 1dentical in all respects. For instance, “same-
colored objects” constitute an equivalence class, but we cannot conclude that all red objects are the
same size. The “universal” complexity measures form an equivalence class, when compared in the
limit as 1n equation 3 — but that does not mean they are equivalent for all purposes.

It 1s often argued that the asymptotic behavior (equation 3) is a guide to the finite-case behavior.
Our point, as 1llustrated below, 1s that such guidance is not 100% reliable.

Application to Communication Theory

In communication theory, it is often desired to calculate the average cost per bit of transmitting a
message For simple strings, 1 e. where the length of the program for S is smaller than the length
of S itself, we could save money by transmitting the program instead of the string. This is called
algorithmic data compression. It makes sense to compare the efficiency of two coding schemes
by taking the ratio of their code lengths. In this specialized application, and in the limit of long
transmissions (i.e complex strings), it is permissible to forget what computer is used to evaluate
the complexity — it doesn’t matter since the length of any emulator can be amortized over a large
number of message bits. For finite strings, however, K. () is certainly has no unique value (since 1t
depends on cl) and is not provably an optimal (or even a good) coding scheme. Indeed, we believe
1t 1s unlikely to be good, for “typical” data streams and “typical” computers. Another blemish is
that Kolmogorov complexity 1s noncomputable(l5] — the definition (equation 1) runs afoul of the
halting problem
























